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Abstract 
 
A theoretical study of short-wavelength fluctuation effects on the specific heat above  is reported for superconducting thick films 
with the arbitrary conduction dimensionality between two and three dimensions (2D and 3D). In the present calculations, 
momentum cutoff effects in the fluctuation spectrum are taken into consideration in the context of the Aslamazov-Larkin theory. 
Our result covers the 2D or 3D formula presented previously in each limit, and shows a temperature dependent dimensionality 
between 2D and 3D. Effects of a total-energy cutoff and experimental situations are briefly discussed. 
 
© 2013 The Authors. Published by Elsevier B.V. Selection and/or peer-review under responsibility of ISS Program Committee. 
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1. Introduction 
 
 There has been much interest in the fluctuation conductivity above  (the paraconductivity) in the high reduced 
temperature region where the short-wavelength fluctuations (SWF) are important [1]. For high-  superconductors, 
most of experimental data on the paraconductivity have clearly shown the SWF behaviour, and have been explained in 
terms of the theoretical expressions in which effects of the short-wavelength cutoff in the fluctuation spectrum are 
taken into account [1, 2]. Although considerable amounts of studies are available for the paraconductivity [3], there 
have been few studies for the fluctuation specific heat . We have recently reported [4] on calculations of  in the 
scheme of the Aslamazov-Larkin (AL) theory, and demonstrated that SWF effects may also be important to better 
describe experimental results [5]. In our previous report, the calculations have been carried out in a layered system as 
well as an n-th dimensional (nD) system (n=1, 2 or 3), and it is necessary to make the  calculations, for the sake of 
completeness, in the case of a thick film with a intermediate dimensionality between 2D and 3D systems (2D-3D case). 
In this study, we calculate  in a 2D-3D system in the SWF regime by imposing the two kinds of spectral cutoff 
effects, the momentum cutoff and the total-energy cutoff. Numerical results for our  formulae evidently show a 2D-
3D crossover with increasing reduced temperature, in a similar manner as predicted in the paraconductivity.  
 
2. Theoretical descriptions 
 
2.1. A basic equation for  and the spectral cutoff 
 
 Our starting formula is the basic equation for  in the AL scheme given by [6] 
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          (1) 
where  is the reduced temperature,  is the Ginzburg-Landau coherence length amplitude at , and 
q is the wave vector of Cooper pairs. In order to take account of the SWF effects, we impose a spectral cutoff in the 
summation over q in Eq. (1).  There are two types of cutoff approaches [2]; one of them is the momentum cutoff (MC) 
which confines the summation to the region , where  is a dimensionless cutoff parameter in 
this regime and  is the upper limit of q. (Hereafter, the superscript c of the momentum denotes its upper limit value.) 
The other approach, known as the total-energy cutoff (EC), is more effective to remove high energetic fluctuation 
modes by restricting the summation to the case  with the cutoff parameter  in the EC regime. 
Under these two cutoff conditions, we will carry out the q-summation in Eq. (1). 
 We begin with the calculations in the MC regime. The fundamental approach to the  calculations is the same as 
in our previous study [4], in line with which Eq. (1) can be expressed as 
       (2) 
where we have introduced the anisotropy of the coherence length at ; , (i= x, y, z) is the coherence length 
along each i-axis direction, and . 
 
2.2. Formulae for  in 2D and 3D systems 
 
Here we derive  formulae for 2D and 3D systems. In an isotropic 2D system ( ), the basic integral 
equation and the final expression is given, in the MC regime, as 
         (3a) 
,            (3b) 
where  is the in-plane momentum, d is the film thickness. The subscript NC denotes the result in the 
absence of any cutoff. 
In an isotropic 3D system with , we obtain the formulae (4a) and (4b) using the spherical 
coordinates. 
         (4a) 
,         (4b) 
On the other hand, in an anisotropic 3D system with , the corresponding formulae to Eqs. (4a) 
and (4b) may be given, using the cylindrical coordinates, as  
 (5a) 
 ,                    (5b) 
where we have defined the anisotropic cutoff parameters being the in-plane value  and out-of-plane one 
. 
 
2.3. Formulae for  in a 2D-3D system 
 
     Now we address the main subject of the present study, that is, to derive the   formula in a 2D-3D system. In this 
system, the motion of Cooper pairs in the z direction is equivalent to that of an electron in the infinite quantum well so 
that the  component is quantized as  , where d is the film thickness and n is the integer which extends 
from 0 to . Under this circumstance, the basic equation for  is given by 
       (6) 
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Performing the integral over  , we obtain the expression 
      (7) 
Using now the mathematical identity 
     (8) 
where  is the digamma function, we obtain the final equation for  as 
  
        (9) 
where we have introduced the important parameter ,  is defined as  
and  is its complex conjugate. 
     Next we show that Eq. (9) can reproduce the corresponding equations in the 2D and 3D limits. Taking the 2D limit 
(R 0), we easily show that Eq. (9) reduces to Eq. (5a) since  and the imaginary parts 
cancel out each other. In the opposite (3D) limit ( ), we need to make some calculations. In this case, 
 and the term containing the digamma function can be approximated as 
 (10) 
where we have used the mathematical identity 
        (11) 
With the aid of the above relations, we recover Eq. (5a) from Eq. (9) in the 3D limit. Therefore, it has been shown that 
Eq. (9) can cover a formula in any case between 2D and 3D systems. 
 
3. Numerical results and discussion 
 
     Before presenting numerical calculations for formulae obtained above, let us briefly comment on the formulae in 
the EC regime. In the MC case, the T-derivative and the q-summation in Eq. (1) can be commuted due to the 
independent cutoff in the q-space, which allows us to express the final results in Eq. (2). In contrast, this is not the case 
in the EC regime where the cutoff condition contains . However, it is reasonable to ignore the dependence in the 
cutoff because, otherwise, we cannot avoid the spurious terms or unphysical divergence of  in the limit of , 
as discussed previously [4]. Therefore, the formula for   in the EC regime ( ) are obtained by the replacement 
  for both in-plane and out-of-plane cutoff parameters ( ). 
     Results for numerical calculations using the formulae obtained in this study are summarized in Fig. 1, where four 
different situations are presented. We give some comments on each part of the figure. First of all, we compare 
characteristics of  in the bilogarithmic representation between the spherical and cylindrical coordinates, 
corresponding to Eqs. (4a) and (5a), respectively. As can be seen from this figure, the difference between the two 
cases is not significant for the  values usually adopted in theoretical fits to the data ( ). In fact, Eq. 
(5a) approaches to coincide with Eq. (4a) in the limit of small x in the function .  
     Fig. 1(b) shows numerical results for  for the various values of . The lowermost and uppermost 
solid curves are reduced to the 2D ( ) and 3D ( ) limits, respectively, and the systematic evolution from 2D 
to 3D behaviour can be viewed as the value of R increases. A close examination of the line corresponding to R=20 
must reveal the dimensional crossover from 2D to 3D with increasing . This crossover can clearly be shown in Fig. 
1(c), where the vertical scale is enlarged.   For simplicity, we consider in this figure the formula for a 2D-3D system 
without the spectral cutoff, which can be obtained from Eq. (9) in the limit   as 
,        (12)  
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This expression is the same as in the paraconductivity case [7] except for the amplitude . It is straightforward to 
show that Eq. (12) reduces to the 2D-NC result Eq. (3b) in the limit  and to the 3D-NC one Eq. (4b) in the 
opposite limit, resulting in the 2D-3D crossover with increasing . The crossover point of  is given by . 
     Finally, we display in Fig. 1(d) comparisons of the  behaviour between the MC and EC regimes in a 
system with R=20. As in the cases of and  systems [4], the  falls more rapidly than the  in 
the high-  region. This feature is easy to be recognized that high energetic fluctuation modes are preferentially 
suppressed in the EC regime since the cutoff restriction is stronger in the higher-  
     As to the experimental situation on , unfortunately, there is no available data corresponding to the present study 
to our knowledge. The dimensionality of a system either 2D or 3D is generally determined from the criteria, being 2D 
for  and 3D for the opposite limit.  In high-  superconducting films, the 2D limit is difficult to realize 
due to the extremely short , and hence the consideration of the 2D-3D character may be effective in the fluctuation 
studies. As another experimental system which may be related to our calculations, we propose a system with many 
mesoscopic superconducting regions embedded in a macroscopic structure [8], for which the 2D-3D crossover could 
be expected with increasing reduced temperature.  
 
 
Fig. 1. Numerical results for bilogalithmic plots of  vs.  with the amplitude  in each case and 
. (a) Comparisons of  between the spherical and cylindrical coordinates. (b) Behaviour of  
in the systems with different values of . (c) Behaviour of  for  showing the dimensional 
crossover between 2D and 3D. (d) Comparisons of the cutoff effects on   between MC and EC cases. 
 
4. Summary 
 
     In the framework of the AL theory,  calculations have been carried out in the SWF region. By imposing the MC 
in the fluctuation spectrum, we have derived an expression for  in a system which covers a dimensionality 
between 2D and 3D as a function of . Our  formula reduces to  in the limit  while to 
 as , showing a dimensional crossover from 2D to 3D with increasing  for intermediate values of  in a 
similar manner as for the paraconductivity. Expressions for  in the EC regime could be obtained, in the scheme of 
the AL theory, by the simple replacement  in the formula for the MC case. 
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